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Vhswhpehu 53/ 4<<<
Hhfwv ri Vwudwhjlf Lqwhudfwlrqv rq wkh
Rswlrq Ydoxh ri Zdlwlqj
Nxqr M1 P1 KxlvpdqW dqg Shwhu P1 Nruw
Ghsduwphqw ri Hfrqrphwulfv dqg FhqwHU/ Wloexuj Xqlyhuvlw|/
SR er{ <3486/ 8333 OH WLOEXUJ/ Wkh Qhwkhuodqgv
Wklv sdshu frqvlghuv dq lqyhvwphqw wlplqj sureohp lq d gxrsro| iudphzrun1 Wkh uhvxowv ri
wkh vhplqdo frqwulexwlrq e| Ixghqehuj dqg Wluroh +4<;8/ UHV, duh h{whqghg e| lqwurgxfwlrq
ri xqfhuwdlqw|1 Wkuhh vfhqdulrv duh lghqwlhg1 Lq wkh uvw vfhqdulr zh kdyh d suhhpswlrq
htxloleulxp zlwk glvshuvhg lqyhvwphqw wlplqj/ zkloh lq wkh vhfrqg vfhqdulr dq htxloleulxp
zlwk mrlqw lqyhvwphqw suhydlov1 Lq wkh wklug vfhqdulr suhhpswlrq krogv lq fdvh xqfhuwdlqw| lv
orz/ dqg mrlqw lqyhvwphqw lv wkh Sduhwr grplqdwlqj htxloleulxp li xqfhuwdlqw| lv odujh1
Iurp wkh wkhru| ri uhdo rswlrqv lw lv nqrzq wkdw lw lv rswlpdo wr lqyhvw zkhq wkh qhw
suhvhqw ydoxh h{fhhgv wkh rswlrq ydoxh ri zdlwlqj1 Lq wklv sdshu zh prgli| wkh uhdo rswlrqv
lqyhvwphqw uxoh e| wdnlqj lqwr dffrxqw vwudwhjlf lqwhudfwlrqv1 Qrz wkh qhw suhvhqw ydoxh
pxvw eh frpsduhg zlwk wkh vr0fdoohg vwudwhjlf rswlrq ydoxh ri zdlwlqj1 Lw fdq eh vkrzq wkdw/
frpsduhg wr wkh rswlrq ydoxh ri zdlwlqj lq wkh prqrsro| fdvh/ wkh vwudwhjlf rswlrq ydoxh ri
zdlwlqj lv wkh vdph lq wkh mrlqw lqyhvwphqw fdvh dqg orzhu lq wkh suhhpswlrq htxloleulxp1
Lq wkh odwwhu fdvh lw fdq hyhq rffxu wkdw lqyhvwlqj lv rswlpdo/ zkloh wkh qhw suhvhqw ydoxh lv
qhjdwlyh1
Nh|zrugv= Lqyhvwphqw/ Wlplqj Jdph/ Uhdo Rswlrqv
MHO fodvvlfdwlrq= F:6/ G;4/ O46
WFruuhvsrqglqj dxwkru1 Who= .64046079964:9> id{= .64046079965;3> h0pdlo= kxlvpdqCnxe1qo
4 Lqwurgxfwlrq
Lq ghflglqj zkhwkhu ru qrw wr lqyhvw d up lv qdwxudoo| frqfhuqhg derxw xqfhuwdlqwlhv
uhjduglqj ixwxuh pdunhw frqglwlrqv vxfk dv frqvxphuv* uhvsrqvh wr wkh surgxfw/ frvwv ri
eruurzlqj fdslwdo/ klulqj oderu dqg xvlqj rwkhu lqsxwv1 Vwuhvvlqj wklv rqjrlqj xqfhuwdlqw|
ri wkh hfrqrplf hqylurqphqw lq zklfk lqyhvwphqw ghflvlrqv duh pdgh dqg wkh luuhyhuvlelolw|
ri prvw lqyhvwphqw ghflvlrqv/ Gl{lw dqg Slqg|fn +4<<9, surylgh d ghwdlohg h{srvlwlrq ri d
qhz dssurdfk wr lqyhvwphqw wkdw uhfrjql}hv wkh rswlrq ydoxh ri zdlwlqj iru ehwwhu +exw qhyhu
frpsohwh, lqirupdwlrq1 Wkh| dujxh wkdw wkh ghflvlyh fulwhulrq iru dq lqyhvwphqw surmhfw wr
eh xqghuwdnhq ru qrw/ vkrxog eh wkdw wkh uhvxowlqj glvfrxqwhg fdvk  rz vwuhdp h{fhhgv wkh
rswlrq ydoxh ri zdlwlqj1 Lq hfrqrplf hqylurqphqwv wkdw duh yhu| xqfhuwdlq wklv rswlrq ydoxh
fdq eh txlwh odujh/ ohdglqj wr d frqvlghudeoh rssruwxqlw| frvw ri lqyhvwphqw1 Lq wklv zd| wkh
rswlrq ydoxh ri zdlwlqj gulyhv d zhgjh ehwzhhq rswlpdo lqyhvwphqw ehkdylru dqg lqyhvwlqj
dffruglqj wr wkh fodvvlfdo qhw suhvhqw ydoxh fulwhulrq/ zklfk vd|v wkdw d up pxvw lqyhvw zkhq
wkh glvfrxqwhg fdvk  rz vwuhdp h{fhhgv }hur1 Wr glvwlqjxlvk iurp wkh zhoo nqrzq qdqfldo
rswlrqv/ wkh rssruwxqlwlhv wr dftxluh uhdo dvvhwv duh fdoohg uhdo rswlrqv1
Ixuwkhupruh/ dq lqyhvwphqw ghflvlrq kdv vwudwhjlf dvshfwv vlqfh d up kdv wr wdnh lqwr
dffrxqw wkdw lwv ghflvlrq wr jr dkhdg zlwk dq lqyhvwphqw surmhfw ru qrw lq xhqfhv wkh eh0
kdylru ri lwv frpshwlwruv zklfk lq wxuq dhfwv wkh surwdelolw| ri wkh lqyhvwphqw1 Wr vwxg|
wkh hhfw ri frpshwlwlrq rq rswlpdo lqyhvwphqw ehkdylru Uhlqjdqxp +4<;4, frqvlghuhg d
gxrsro| zlwk wzr lghqwlfdo upv/ zklfk erwk kdyh wkh srvvlelolw| wr lqyhvw zkloh wkh frvw ri
lqyhvwphqw idoov ryhu wlph1 Ghvslwh wkh idfw wkdw wkh upv duh lghqwlfdo/ rqh ri wkhp lv jlyhq
wkh ohdghu uroh ehiruhkdqg1 Wklv lpsolhv wkdw rqo| wklv up lv doorzhg wr lqyhvw uvw1 Wkh
5
rwkhu up lv wkh iroorzhu zklfk kdv wkh fkrlfh wr lqyhvw dw wkh vdph wlph dv wkh ohdghu ru wr
lqyhvw odwhu1 Dv vkrzq lq Ixghqehuj dqg Wluroh +4<;8,/ iru wklv iudphzrun wzr vfhqdulrv fdq
eh lghqwlhg1 Lq rqh vfhqdulr wkh rswlpdo rxwfrph lv mrlqw dgrswlrq/ l1h1 erwk upv lqyhvw dw
wkh vdph wlph/ zkloh lq wkh rwkhu vfhqdulr wkh iroorzhu lqyhvwv odwhu ghvslwh ri wkh idfw wkdw
wkh ohdghu wkhq rewdlqv wkh kljkhvw sd|r1 Ixghqehuj dqg Wluroh +4<;8, pdlqo| frqvlghu wkh
pruh uhdolvwlf fdvh ri hqgrjhqrxv up urohv/ phdqlqj wkdw ehiruhkdqg lw lv qrw nqrzq zklfk
up zloo eh wkh ohdghu1 Lq wkh vfhqdulr zkhuh wkh ohdghu rewdlqv wkh odujhvw sd|r wkhuh lv
dq lqfhqwlyh wr wu| wr lqyhvw hduolhu wkdq lwv frpshwlwru/ l1h1 erwk upv zloo wu| wr suhhpsw
hdfk rwkhu1 Ixghqehuj dqg Wluroh vkrz wkdw wklv ohdgv wr d suhhpswlrq htxloleulxp zlwk
glvshuvhg dgrswlrq wlphv dqg uhqw htxdol}dwlrq1
Wklv sdshu frqvlghuv d iudphzrun zlwk wzr lghqwlfdo upv zklfk erwk kdyh wkh srvvlelolw|
wr pdnh dq lqyhvwphqw wkdw lqfuhdvhv wkhlu sd|r1 E| krz pxfk wklv sd|r lv udlvhg lv qrw
nqrzq ehiruhkdqg/ vlqfh wkh ixwxuh pdunhw frqglwlrqv iru wkh up*v surgxfwv duh xqfhuwdlq1
Erwk upv rshudwh rq wkh vdph rxwsxw pdunhw zklfk lpsolhv wkdw wkh lqyhvwphqw ghflvlrq ri
rqh up dhfwv wkh sd|r ri wkh rwkhu up1 E| dqdo|}lqj wklv prgho xqfhuwdlqw| lv frpelqhg
zlwk vwudwhjlf dvshfwv/ vr wkdw wkh uhvhdufk vwuhdpv mxvw phqwlrqhg duh xqlhg1 Zh lghqwli|
wkuhh vfhqdulrv1 Lq wkh uvw vfhqdulr d suhhpswlrq htxloleulxp rffxuv/ zkhuh wkh prphqwv ri
lqyhvwphqw ri erwk upv duh glvshuvhg1 Lq wkh vhfrqg vfhqdulr wkh rxwfrph lv wkdw wkh upv
vlpxowdqhrxvo| lqyhvw dw wkh prphqw wkdw ghpdqg lv uhodwlyho| odujh1 Zh fdoo wklv d frooxvlyh
htxloleulxp1 Wkh uvw vfhqdulr sduwlfxoduo| krogv zkhq uvw pryhu dgydqwdjhv duh odujh1
Lq wkh wklug vfhqdulr lw wxuqv rxw wkdw lq hfrqrplf hqylurqphqwv zlwk orz xqfhuwdlqw| wkh
suhhpswlrq htxloleulxp lv dssolhg/ zkloh zlwk odujh xqfhuwdlqw| erwk upv lqyhvw wrjhwkhu dw
wkh prphqw wkdw ghpdqg lv odujh1 Wklv lv xqghuvwdqgdeoh vlqfh wkh rswlrq ydoxh ri zdlwlqj
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ulvhv zlwk xqfhuwdlqw|1 Wkhq rssruwxqlw| frvwv ri lqyhvwphqw duh odujh vr wkdw wkh rxwsxw
pdunhw frqglwlrqv pxvw frpshqvdwh iru wklv zkhq wkh up lqyhvwv1
Ixuwkhupruh zh qg wkdw/ frpsduhg wr wkh prqrsro| vlwxdwlrq/ wkh ghpdqg wuljjhu ydoxh
lv orzhu iru wkh uvw lqyhvwru lq wkh suhhpswlrq htxloleulxp1 Khqfh/ lq rughu wr eh deoh wr
suhhpsw lwv ulydo/ wkh up lv vdwlvhg zlwk orzhu uhyhqxh dw wkh prphqw lw lqyhvwv1 Wkhuhiruh/
wkh glvfrxqwhg fdvk  rz vwuhdp ri wkh lqyhvwphqw/ zklfk htxdov wkh vwudwhjlf rswlrq ydoxh ri
zdlwlqj/ lv orzhu wkdq wkh rswlrq ydoxh ri zdlwlqj wkdw suhydlov lq d prqrsro| vlwxdwlrq1 Rq
wkh rwkhu kdqg/ wkh ghpdqg wuljjhu ydoxh lq wkh frooxvlyh fdvh lv kljkhu wkdq lq wkh prqrsro|
fdvh1 Wkh uhdvrq lv wkdw wkh pdunhw kdv wr eh vkduhg e| wzr upv1 Lw wxuqv rxw wkdw lq wkh
frooxvlyh fdvh wkh vwudwhjlf rswlrq ydoxh ri zdlwlqj h{dfwo| htxdov wkh rswlrq ydoxh ri zdlwlqj
ri wkh prqrsro| fdvh1
Ilqdoo| zh frpsduh rxu dqdo|vlv zlwk wkh vwloo ihz frqwulexwlrqv wkdw lqfoxgh wkh uhdo rswlrq
iudphzrun lq pxowlsoh up prghov1 Grlqj wklv zh zhuh deoh wr pdnh d phwkrgrorjlfdo srlqw1
Lq wkh suhhpswlrq htxloleulxp/ vlwxdwlrqv rffxu zkhuh lw lv rswlpdo iru rqh up wr lqyhvw/
exw dw wkh vdph wlph lqyhvwphqw lv qrw ehqhfldo li erwk upv ghflgh wr gr vr1 Qhyhuwkhohvv/
vlqfh wkh upv duh lghqwlfdo wkhuh lv d srvvlelolw| wkdw vwloo erwk upv lqyhvw dw wkh vdph
wlph/ zklfk ohdgv wr d orz sd|r iru erwk ri wkhp1 Iroorzlqj Ixghqehuj dqg Wluroh +4<;8,
+vhh dovr Vlprq +4<;:d/e,, zh rewdlq wkdw vxfk d frruglqdwlrq idloxuh fdq rffxu zlwk srvlwlyh
suredelolw| dw prphqwv ri wlph zkhuh wkh ohdghu*v sd|r lv vwulfwo| odujhu wkdq wkh iroorzhu*v
sd|r1 Prvw frqwulexwlrqv lq wklv duhd/ vxfk dv Juhqdglhu +4<<9,/ Gxwwd hw do1 +4<<8,/
dqg Zhhgv +4<<<,/ pdnh xqvdwlvidfwru| dvvxpswlrqv zlwk wkh dlp wr eh deoh wr ljqruh wkh
srvvlelolw| ri vlpxowdqhrxv lqyhvwphqw dw srlqwv ri wlph wkdw wklv lv qrw rswlpdo41
Juhqdglhu dvvxphv wkdw li hdfk wulhv wr exlog uvw/ rqh zloo udqgrpo| +l1h1/ wkurxjk wkh wrvv ri
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5 Wkh Prgho
Erwk upv kdyh wkh srvvlelolw| wr pdnh dq luuhyhuvleoh lqyhvwphqw zklfk uhvxowv lq d kljkhu
surw  rz1 D srvvleoh lqwhusuhwdwlrq lv wkdw erwk upv kdyh wkh srvvlelolw| wr dgrsw d qhz
whfkqrorj| zklfk diwhu dgrswlrq lqfuhdvhv wkh up*v surw1 Zh dvvxph wkdw wkh upv duh
ulvn qhxwudo/ ydoxh pd{lpl}lqj dqg glvfrxqw zlwk frqvwdqw idfwru o Wkh vxqn frvw lv frqvwdqw
dqg htxdov U E: f1 Ixwxuh surwv duh ri dq |hw xqnqrzq vl}h1 Zkhq zh ghqrwh rqh up e|
c wkh rwkhu up lv ghqrwhg e| 1 Dw wlph | wkh surw  rz ri up  htxdov
t E|( Ec  c +4,




f li up & kdv qrw lqyhvwhg/
 li up & kdv lqyhvwhg1
+5,
Lq rughu wr lqfrusrudwh xqfhuwdlqw|/ t E| iroorzv d jhrphwulf Eurzqldq prwlrq surfhvv=
_t E|'kt E| _|n jt E| _` E| c +6,
t Ef' +c +7,
zkhuh f 	 k 	 o dqg wkh ` E|*v duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg dffruglqj
wr d qrupdo glvwulexwlrq zlwk phdq }hur dqg yduldqfh _|5 Nhhslqj lq plqg wkdw +l, wkh
luuhyhuvleoh lqyhvwphqw lqfuhdvhv wkh surw  rz dqg +ll, wkh up rewdlqv kljkhu surwv li wkh
d frlq, zlq wkh udfh +Juhqdglhu/ 4<<9/ ss1 49890498:,/ zkloh rq s189; ri Gxwwd hw do1 +4<<8, lw
lv dvvxphg wkdw Li erwk l dqg m dwwhpsw wr hqwhu dw dq| shulrg w/ wkhq rqo| rqh ri wkhp vxffhhgv
lq grlqj vr1
2 Lq Ixghqehuj dqg Wluroh +4<;8, lqyhvwlqj vrrqhu lv pruh h{shqvlyh vlqfh wkh lqyhvwphqw h{shqgl0
wxuh ghfuhdvhv ryhu wlph1 Vlploduo|/ lq wklv prgho  A 3 lpsolhv wkdw wkh h{shfwhg surwdelolw| ri
lqyhvwphqw lqfuhdvhv ryhu wlph1
8
frpshwlwru lv zhdn +wkxv qrw kdylqj lqyhvwhg +|hw,,/ wkh iroorzlqj uhvwulfwlrqv rq ( Ec 
6
duh lpsolhg=
( Ec f : ( Ec  : ( Efc f : ( Efc  c +8,
Ixuwkhu zh dvvxph wkdw wkhuh lv d uvw pryhu dgydqwdjh wr lqyhvwphqw=
( Ec f( Efc f : ( Ec ( Efc   +9,
Wkh dlp ri wklv sdshu lv wr vwxg| hhfwv ri vwudwhjlf lqwhudfwlrqv rq wkh rswlrq ydoxh ri
zdlwlqj/ dqg wkxv rq wkh vshhg ri lqyhvwphqw1
Lq Vhfwlrq 6 zh vroyh wkh lqyhvwphqw sureohp li wkhuh lv rqo| rqh up dfwlyh1 Wklv zloo jlyh
wkh ehqfkpdun uhvxow1 Wkh gxrsro| prgho lv vroyhg lq Vhfwlrq 71 Lq Vhfwlrq 8 frpsdulvrqv
duh pdgh zlwk uhodwhg frqwulexwlrqv1 Vhfwlrq 9 frqfoxghv1
6 Prqrsro|
Lq wklv vhfwlrq zh dvvxph wkdw wkhuh lv dqg zloo eh rqo| rqh up dfwlyh rq wkh rxwsxw
pdunhw1 Zh xvh wkh vroxwlrq ri wklv prgho dv d ehqfkpdun iru wkh uhvxowv ri wkh gxrsro|
prgho1 Zkhqhyhu wkh up kdv qrw lqyhvwhg lwv ydoxh htxdov7





 n t (Efcf
o3k
li t 	 t c
t (Ecf
o3k
 U li t  t 
+:,
Khuh lw lv rswlpdo iru wkh up wr lqyhvw zkhq t  t c rwkhuzlvh wkh up zdlwv zlwk
lqyhvwlqj1 Htxdwlrq +:, lv ghulyhg e| vroylqj wkh rswlpdo vwrsslqj sureohp zlwk xvh ri
Lw÷*v ohppd1 H{suhvvlrqv iru wkh lqyhvwphqw wkuhvkrog t dqg wkh frqvwdqw  duh irxqg
Frqwudu| wr Qlhovhq +4<<<, zh rqo| frqvlghu wkh fdvh lq zklfk vwudwhjlf lqwhudfwlrq uhvxowv lq
qhjdwlyh h{whuqdolwlhv1
e Iurp khuh rq zh rplw wkh wlph ghshqghqfh ri \> zkhqhyhu frqixvlrq lv qrw srvvleoh1
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e| h{sorlwlqj wkh vr fdoohg ydoxh pdwfklqj dqg vprrwk sdvwlqj frqglwlrqv1 Vhh Gl{lw dqg
Slqg|fn +4<<9, iru d uljrurxv h{sodqdwlrq ri wkhvh pdwwhuv1
Wkh q











q  o ' f +;,
Wkh lqyhvwphqw wkuhvkrog/ zklfk lv wkh srlqw dw zklfk wkh up lv lqglhuhqw ehwzhhq lqyhvwlqj
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( Ec f( Efc f
o  k
 +43,
Wkh rswlpdo lqyhvwphqw vwudwhj| ri wkh up lv wr lqyhvw dw wlph A c zkhuh
A ' ?u E|m t E|  t  +44,
Zkhq t lv ehorz wkh wkuhvkrog ydoxh t wkh ydoxh ri wkh up frqvlvwv ri wzr sduwv +vhh
h{suhvvlrq +:,,1 Wkh uvw sduw uhvhpeohv wkh ydoxh ri wkh rswlrq wr lqyhvw dqg wkh vhfrqg
sduw lv wkh h{shfwhg ydoxh ri wkh up li wkh up qhyhu lqyhvwv1 Wkh rswlrq ydoxh ulvhv zlwk
xqfhuwdlqw| +q

lv ghfuhdvlqj lq j dqg qrwh +43,,/ wkxv xqfhuwdlqw| fuhdwhv ydoxh iru wkh up1
Wkh lpsolfdwlrq lv wkdw wkh lqyhvwphqw wkuhvkrog dovr ulvhv zlwk xqfhuwdlqw|/ vr wkdw wkh
up*v zloolqjqhvv wr lqyhvw ghfuhdvhv zlwk xqfhuwdlqw|1 Lqwxlwlyho| wklv fdq eh xqghuvwrrg e|
qrwlqj wkdw xqghu odujh xqfhuwdlqw| lw lv pruh ydoxdeoh wr zdlw iru qhz lqirupdwlrq derxw
wkh surwdelolw| ri dq lqyhvwphqw ehiruh xqghuwdnlqj lw1 Dv vwuhvvhg lq Gl{lw dqg Slqg|fn
+4<<9, wkh glhuhqfh ehwzhhq wkh wudglwlrqdo qhw suhvhqw ydoxh phwkrg dqg wkh uhdo rswlrqv




E:  c wkdw rffxuv
lq wkh wkuhvkrog ydoxh +vhh +<,,1 Wkh qhw suhvhqw ydoxh zrxog eh htxdo wr }hur li wkh up
zrxog lqyhvw zkhq t ' Eo3kU
(Ecf3(Efcf














Iurp wkh wkhru| ri qdqfldo rswlrqv zh nqrz wkdw lw lv rqo| rswlpdo wr h{huflvh dq rswlrq
li lw lv vx!flhqwo| ghhs lq wkh prqh|/ zkhuhdv wkh qhw suhvhqw ydoxh phwkrg suhvfulehv wr
h{huflvh wkh lqyhvwphqw rswlrq zkhq lw lv dw wkh prqh|1
7 Gxrsro|
Lq wklv vhfwlrq zh h{whqg wkh prgho ri Vhfwlrq 6 e| dgglqj rqh up1 Zh vroyh wkh prgho
lq zklfk erwk upv duh lqlwldoo| dfwlyh rq wkh rxwsxw pdunhw1 Wklv glvwlqjxlvkhv rxu prgho
iurp Vphwv +4<<4, +vhh dovr Gl{lw dqg Slqg|fn +4<<9/ Fkdswhu <,,/ zkhuh wkh upv gr qrw
surgxfh lqlwldoo|1 Wkhq d up hqwhuv d qhz pdunhw dw wkh prphqw wkdw lw lqyhvwv1 Qrwh wkdw
wklv qhz pdunhw prgho lv uhwulhyhg e| vhwwlqj
( Efc f ' ( Efc  ' f +46,
Zh frpsduh rxu uhvxowv wr wkrvh ri wkh qhz pdunhw prgho lq Vhfwlrq 81
Zh fdoo wkh up wkdw lqyhvwv uvw wkh ohdghu/ dqg wkh rwkhu up lv wkh iroorzhu1 Wkh
prgho lv vroyhg edfnzdugv1 Iluvw zh ghulyh wkh rswlpdo lqyhvwphqw ghflvlrq iru wkh iroorzhu/
dqg xvlqj wkdw zh ghulyh wkh rswlpdo lqyhvwphqw vwudwhj| iru wkh ohdghu1 Lq Vxevhfwlrq
716 wkh rswlpdo frooxvlyh rxwfrph lv ghulyhg1 Wkh dqdo|vlv ri wkh uvw wkuhh vxevhfwlrqv lv
xvhg lq Vxevhfwlrq 717/ zkhuh zh fkdudfwhul}h wkh srvvleoh htxloleuld1 Lq wkh odvw vxevhfwlrq




Iru wkh prphqw ohw xv dvvxph wkdw wkh ohdghu kdv lqyhvwhg1 Wkhq wkh ydoxh ri wkh iroorzhu
lv jlyhq e|





 n t (Efc
o3k
li t 	 t8 c
t (Ec
o3k
 U li t  t8 c
 +47,
Wkh wkuhvkrog t8 lv ghqhg lq wkh vdph idvklrq dv t = lw lv wkh srlqw dw zklfk wkh iroorzhu
lv lqglhuhqw ehwzhhq lqyhvwlqj dqg qrw lqyhvwlqj1 Zkhq t lv vpdoohu wkdq t8 wkh ydoxh ri
wkh iroorzhu htxdov wkh ydoxh ri wkh rswlrq wr lqyhvw/ t
q
/ soxv wkh ydoxh ri qhyhu lqyhvwlqj/
t (Efc
o3k

















Eo  k U
( Ec ( Efc 
 +49,
Gxh wr htxdwlrq +8, wkh odvw wzr h{suhvvlrqv duh vwulfwo| srvlwlyh1 Lw lv rswlpdo iru wkh iroorzhu
wr lqyhvw dw wlph A8 c zkhuh
A8 ' ?u E|m t E|  t8   +4:,
715 Ohdghu
Wkh h{shfwhg ydoxh ri wkh ohdghu/ diwhu lqyhvwlqj dw wlph | 	 A8 / htxdov
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6
:8  +4;,
Zrunlqj rxw wkh h{shfwdwlrq +vhh Gl{lw dqg Slqg|fn +4<<9,/ dsshqgl{ wr Fkdswhu </ iru
ghwdlov, jlyhv
u Et  '











Li wkh ohdghu lqyhvwv zkhq t E|  t8 c wkh iroorzhu zloo lqyhvw wrr/ vr wkdw wkh ohdghu*v
h{shfwhg ydoxh htxdov wkh ydoxh ri mrlqw lqyhvwphqw/ ghqrwhg e|  Et  G





Khuh zh dvvxph wkdw wkh upv lqyhvw vlpxowdqhrxvo| dw wlph Awc zkhuh
Aw ' ?u E|mt E|  w  +54,
Wkh h{shfwhg ydoxh ri hdfk up dw wlph | 	 Aw htxdov
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li t 	 wc
t (Ec
o3k
 U li t  w
+56,
Qrwh wkdw  Et  '  Etc t   Wkh rswlpdo mrlqw lqyhvwphqw wlph A htxdov
A ' ?u E|mt E|  t c +57,
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( Ec 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 +58,
717 Htxloleuld
Lw wxuqv rxw wr eh frqyhqlhqw wr glvwlqjxlvk ehwzhhq wkh iroorzlqj wzr fdvhv1 Lq wkh uvw
fdvh wkhuh h{lvwv dq t vxfk wkdw wkhuh duh lqfhqwlyhv wr ehfrph wkh ohdghu1 Zlwk rwkhu
zrugv/ iru vxfk dq t wkh ohdghu*v sd|r/ u Et / zklfk fdq eh rewdlqhg diwhu lqyhvwlqj uljkw
dzd|/ h{fhhgv wkh frooxvlyh sd|r zklfk wkh up rewdlqv zkhq lw zdlwv zlwk lqyhvwphqw xqwlo
43
t uhdfkhv t/ dw zklfk erwk upv lqyhvw vlpxowdqhrxvo|1 Wklv lpsolhv wkdw
<t 5 Efc t8  vxfk wkdw u Et  :  Etc t  +59,
Lq wkh vhfrqg fdvh wkhuh grhv qrw h{lvw vxfk dq t vr wkdw
u Et  	  Etc t iru doo t 5 Efc t8   +5:,
Vlqfh wkh upv duh lghqwlfdo/ qr uhdvrq fdq eh irxqg zk| wkh| vkrxog ehkdyh glhuhqwo|1
Wkhuhiruh/ zh frqfhqwudwh rq htxloleuld wkdw duh vxssruwhg e| v|pphwulf vwudwhjlhv1 Zh xvh
Ixghqehuj dqg Wluroh +4<;8,*v shuihfw htxloleulxp frqfhsw iru wlplqj jdphv1 Wkh| dujxh
wkdw lq wklv nlqg ri jdphv d vwudwhj| fdq qrw eh uhsuhvhqwhg e| d vlqjoh glvwulexwlrq ixqfwlrq1
Lw lv qhfhvvdu| wr eh deoh wr glvwlqjxlvk ehwzhhq w|shv ri dwrpv1 Wkhuhiruh wkh forvhg orrs
vwudwhj| ri up  frqvlvwv ri d froohfwlrq ri vlpsoh vwudwhjlhv= EC| E c R
|
 E|Df  Wkh wlph
lqgh{ | ghqrwhv wkh vwduwlqj wlph ri wkh jdph1 C| Er lv wkh suredelolw| wkdw up  kdv
lqyhvwhg e| vrph wlph r jlyhq wkdw wkh rwkhu up kdv qrw lqyhvwhg1 Wkh ixqfwlrq R| Er
phdvxuhv wkh lqwhqvlw| ri dwrpv rq wkh lqwhuydo drc rn _ro  E| ghqlwlrq +vhh Ixghqehuj dqg
Wluroh +4<;8,, d srvlwlyh R| Er lpsolhv wkdw d up lv vxuh wr lqyhvw e| wlph r/ l1h1 C
|
 Er ' 1
Qh{w zh jlyh dq lqwhusuhwdwlrq ri wkh R| Er ixqfwlrq1 Irujhw iru d prphqw wkh ghshqghqfh
rq | Ohw   eh wkh vpdoohvw srlqw lq wlph dw zklfk R Er lv srvlwlyh=   ' ?u irm R Er : fj
dqg ghqh  wr eh htxdo wr  G' 4? E c 2  Iurp wkh ghqlwlrq zh nqrz iru vxuh wkdw dw
ohdvw rqh up kdv lqyhvwhg e| wlph  
Wkh ixqfwlrq ydoxh R E ER2 E vkrxog eh lqwhusuhwhg dv wkh suredelolw| wkdw up  E2
fkrrvhv urz +froxpq, 4 lq wkh pdwul{ jdph ri zklfk wkh sd|rv duh ghslfwhg lq Iljxuh 41
Sod|lqj wkh jdph frvwv qr wlph dqg li sod|hu 4 fkrrvhv urz 5 dqg sod|hu 5 froxpq 5 wkh





(L(Y( τ)),F(Y( τ)))p1( τ)
1−p1( τ)
p2( τ) 1 −p2( τ)
firm 1
firm 2
Iljxuh 41 Sd|rv +uvw iru up 4 dqg vhfrqg iru up 5, dqg vwudwhjlhv ri pdwul{ jdph sod|hg dw wlph 
Lq rxu prgho wkh upv zloo xvh wkh vdph vwudwhj|/ vr wkdw R| Er ' R| Er ' R
|
 Er  Wkhq
wkh suredelolw| wkdw up  lv wkh rqo| up wkdw lqyhvwv dw wlph  c h Erqh c htxdov
















Iru wkh suredelolw| wkdw erwk upv lqyhvw dw c h Ewzr c zh jhw
















c zlwk wkh vdph










h Ewzr' f +64,
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71714 Iluvw Fdvh= Suhhpswlrq
Iru d prphqw dvvxph wkdw rqh up/ vd| up / kdv ehhq jlyhq wkh ohdghu uroh ehiruhkdqg/
wkxv up  fdq rqo| ghflgh wr lqyhvw diwhu up  kdv grqh vr1 Wkh rswlpdo lqyhvwphqw wlph
iru wkh ohdghu lq wkh uvw fdvh/ wkxv zkhuh h{suhvvlrq +59, krogv/ lv ghqrwhg e|








Eo  k U
( Ec f( Efc f
 +66,
Wkh wkuhvkrog tu
8 lv ghulyhg e| vroylqj wkh ydoxh pdwfklqj dqg vprrwk sdvwlqj frqglwlrqv
wkdw uhvxow iurp wkh ohdghu*v rswlpdo vwrsslqj sureohp1 Dv ( Ec f lqfuhdvhv lw lv pruh
dwwudfwlyh wr eh wkh uvw lqyhvwru vr wkdw tuc dqg wkxv wkh h{shfwhg ydoxh ri Au/ ghfuhdvhv1
Lq Dsshqgl{ D zh suryh wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 4
Lw krogv wkdw
u Etu : 8 Etu  +67,
Qrz ohw xv gurs wkh dvvxpswlrq wkdw rqh up lv jlyhq wkh ohdghu uroh ehiruhkdqg1 Wkhq
wkh lpsolfdwlrq ri Sursrvlwlrq 4 lv wkdw hdfk up zdqwv wr eh wkh rqo| rqh wr lqyhvw dw wlph
Au D up zloo wu| wr suhhpsw lwv frpshwlwru e| lqyhvwlqj dw wlph Au0c vlqfh lw nqrzv wkdw
wkh rwkhu up zrxog olnh wr eh wkh uvw wr lqyhvw dw wlph Au1 Exw wkhq wkh rwkhu up zloo
DQrwh wkdw \u lv htxdo wr \ = Wkh uhdvrq lv wkdw iru \ 5 +3> \8 , wkh ohdghu*v ghflvlrq kdv qr hhfw
rq wkh rswlpdo uhso| ri wkh iroorzhu1 Wkhuhiruh wkh ohdghu dfwv dv li wkhuh lv qr iroorzhu/ dqg wkxv
ehkdyhv olnh d prqrsrolvw1
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wu| wr lqyhvw dw wlph Au  201 Wklv surfhvv ri suhhpswlrq vwrsv dw wlph A c zkhuh
A ' ?u E|mt E|  t  c +68,
lq zklfk t lv lpsolflwo| jlyhq e| wkh htxdolw|
u Et  ' 8 Et  
Ehiruh wlph A wkhuh duh qr lqfhqwlyhv wr ehfrph ohdghu/ vlqfh iru | 	 A wkh iroorzhu sd|r
h{fhhgv wkh ohdghu sd|r1 Wklv lv ehfdxvh | 	 A lpsolhv wkdw t 	 t c zklfk lq wxuq lpsolhv
wkdw 8 Et  : u Et  gxh wr wkh idfw wkdw t lv xqltxh dv vwdwhg lq wkh iroorzlqj sursrvlwlrq1
Wkh surri fdq eh irxqg lq Dsshqgl{ E1
Sursrvlwlrq 5
Wkhuh h{lvwv dq xqltxh ydoxh iru tc zklfk zh ghqrwh e| t c vxfk wkdw
u Et  ' 8 Et  dqg f 	 t 	 t8  +69,
Iru wklv uvw fdvh wkh sd|r fxuyhv duh ghslfwhg lq Iljxuh 51 Wkh lqyhvwphqw rssruwxqlw|
lv zruwkohvv iru t htxdo wr f Wkhuhiruh dw t ' f wkh ohdghu Eu dqg mrlqw lqyhvwphqw E
ydoxh htxdo plqxv wkh lqyhvwphqw frvw dqg wkh iroorzhu E8  dqg frooxvlyh ydoxh E htxdo
}hur1  lv d olqhdu lqfuhdvlqj ixqfwlrq ri t +vhh htxdwlrq +53,, Dv zh nqrz wkh iroorzhu kdv
wkh fkrlfh ehwzhhq lqyhvwlqj dw wkh vdph wlph dv wkh ohdghu ru wr zdlw1 Vlqfh wkh rswlpdo
iroorzhu dfwlrq rq wkh lqwhuydo Efc t8  lv wr zdlw/ wkh iroorzhu fxuyh lv vlwxdwhg deryh wkh mrlqw
lqyhvwphqw fxuyh rq wkdw lqwhuydo1 Iurp Vxevhfwlrq 715 zh nqrz wkdw wkh ohdghu/ iroorzhu
dqg mrlqw lqyhvwphqw fxuyh frlqflgh zlwk hdfk rwkhu iru t odujhu ru htxdo wkdq t8  Gxh wr
wkh h{lvwhqfh dqg xqltxhqhvv ri t +vhh Sursrvlwlrq 5,/ wkh ohdghu fxuyh furvvhv wkh iroorzhu
fxuyh rqfh rq wkh lqwhuydo Efc t8  +dw t ,1 Vlqfh +59, krogv khuh/ wkh ohdghu fxuyh dovr
furvvhv wkh frooxvlyh fxuyh vrphzkhuh rq wkh lqwhuydo Efc t8   Iru t odujhu ru htxdo wkdq t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wkh frooxvlyh fxuyh frlqflghv zlwk wkh rwkhu wkuhh fxuyhv1







Iljxuh 51 Iluvw Fdvh= Suhhpswlrq
Wkh htxloleulxp vwudwhj| ri up  5 ic 2j htxdov
C| Er'C Er '
;AAA?
AAA=
f li r 	 A c
 li r  A c
+6:,
R| Er' R Er '
;AAAAAAAA?
AAAAAAA=
f li r 	 A c
uEt Er38 Et Er
uEt Er3Et Er
li A  r 	 A8 c
 li r  A8 
+6;,
Iru A  r 	 A8 wkh rswlpdo R Er ixqfwlrq lv irxqg e| pd{lpl}lqj wkh up*v sd|r lq wkh
pdwul{ jdph ghvfulehg deryh1 Iru d prphqw rplw wkh wlph ghshqghqfh dqg ghqrwh up v
sd|r lq wkh pdwul{ jdph e| - Wkhq
- ERc R '
RR n R E Run E R R8
RR n R E R n E R R
 +6<,
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Wkh htxloleulxp rxwfrph ghshqgv rq wkh ydoxh + E' t Ef  Wkuhh uhjlrqv kdyh wr eh
glvwlqjxlvkhg1
Wkh uvw uhjlrq lv ghqhg e| +  t  Wkhuh duh wzr srvvleoh htxloleulxp rxwfrphv1 Lq
wkh uvw rxwfrph up  lv wkh ohdghu dqg lqyhvwv dw wlph A dqg up 2 lv wkh iroorzhu dqg
lqyhvwv dw wlph A8 1 Wkh vhfrqg rxwfrph lv wkh v|pphwulf frxqwhusduw= up 5 lv wkh ohdghu
dqg lqyhvwv dw wlph A dqg up 4 lv wkh iroorzhu dqg lqyhvwv dw wlph A8  Vlqfh dw wlph A
lw krogv wkdw t ' t c lw fdq eh rewdlqhg iurp +69, dqg +6;, wkdw R EA  ' f Gxh wr +63,
lw fdq eh frqfoxghg wkdw hdfk rxwfrph rffxuv zlwk suredelolw| rqh0kdoi1 Ixuwkhupruh/ iurp
+64, zh jhw wkdw wkh suredelolw| wkdw erwk upv lqyhvw vlpxowdqhrxvo| lv }hur1 Gxh wr +69,/
lw iroorzv wkdw wkh h{shfwhg ydoxh ri hdfk up htxdov 8 Et  
Lq wkh vhfrqg uhjlrq lw krogv wkdw t 	 + 	 t8  Wkhuh duh wkuhh srvvleoh rxwfrphv1 Vlqfh
u h{fhhgv 8 lq fdvh t 5 Et c t8  c lw fdq eh rewdlqhg iurp +6;, wkdw R Ef : f Gxh wr +5;,
zh nqrz wkdw zlwk suredelolw| 3REf
23REf
up  lqyhvwv dw wlph f dqg up  lqyhvwv dw wlph A8 /
zkhuh c  5 ic 2j dqg  9' 1 H{suhvvlrq +5<, lpsolhv wkdw wkh upv lqyhvw vlpxowdqhrxvo|
dw wlph f zlwk suredelolw| REf
23REf
c ohdylqj wkhp zlwk d orz ydoxh ri  E+ E	 8 E+  Wkh
h{shfwhg sd|r ri hdfk up wkxv htxdov
 R Ef
2 R Ef
Eu E+ n 8 E+ n
R Ef
2 R Ef
 E+ ' 8 E+ c
zkhuh wkh htxdolw| vljq iroorzv iurp +6;,1 Vlqfh wkhuh duh uvw pryhu dgydqwdjhv lq wklv
uhjlrq/ hdfk up lv zloolqj wr lqyhvw zlwk srvlwlyh suredelolw|1 Krzhyhu/ wklv lpsolhv wkdw wkh
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suredelolw| ri vlpxowdqhrxv lqyhvwphqw/ ohdglqj wr d orz sd|r  E+ c lv dovr srvlwlyh1 Vlqfh
wkh upv duh erwk dvvxphg wr eh ulvn qhxwudo/ wkh| zloo { wkh suredelolw| ri lqyhvwphqw
vxfk wkdw wkhlu h{shfwhg ydoxh htxdov 8 E+/ zklfk lv dovr wkhlu sd|r li wkh| ohw wkh rwkhu
up lqyhvw uvw1
Zkhq + lv lq wkh wklug uhjlrq dt8 c4 c wkh rxwfrph h{klelwv mrlqw lqyhvwphqw dw wlph f
Wkh ydoxh ri hdfk up lv  E+1
71715 Vhfrqg Fdvh= Frooxvlrq
Lq wkh vhfrqg fdvh h{suhvvlrq +5:, krogv/ zklfk ohdgv wr Iljxuh 61 Wkhuh wxuq rxw wr eh dq
lqqlwh qxpehu ri v|pphwulf htxloleulxp vwudwhjlhv/ zklfk fdq eh glylghg lqwr wzr fodvvhv1
Wkh uvw fodvv frqvlvwv ri wkh vwudwhj| ghvfulehg deryh +vhh htxdwlrqv +6:,0+6;,,1 Wkh vhfrqg
fodvv frqvlvwv ri vwudwhjlhv zkhuh upv lqyhvw vlpxowdqhrxvo|1 Wkh| kdyh wkh iroorzlqj irup
E 5 ic 2j=
C| Er'C Er '
;AAA?
AAA=
f li r 	 A Wc
 li r  A Wc
+75,
R| Er' R Er '
;AA?
AAA=
f li r 	 A Wc
 li r  A Wc
+76,
zkhuh A W 5 dA7c Ao dqg
A7 ' ?u E|m t E|  t7 c
t7 '4? Ewm Etc w  u Et  iru doo t  f 
Iurp +57, lw fdq eh frqfoxghg wkdw wkh htxloleulxp wkdw lv vxssruwhg e| wkh vwudwhjlhv
+75,0+76, zlwk A W ' A lv wkh Sduhwr grplqdqw htxloleulxp dqg wkhuhiruh wkh prvw uhdvrqdeoh
rxwfrph lq wklv fdvh1 Lq zkdw iroorzv zh dvvxph wkdw wkh Sduhwr grplqdqw htxloleulxp lv lq0
4:








Iljxuh 61 Vhfrqg Fdvh= Frooxvlrq
ghhg wkh rxwfrph lq wkh vhfrqg fdvh91 Iru wklv htxloleulxp lw krogv wkdw wkhuh lv vlpxowdqhrxv
lqyhvwphqw dw wlph A Wkh h{shfwhg ydoxh ri hdfk up htxdov  E+c t EA1
718 Surshuwlhv
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SWklv zrxog kdyh ehhq wkh rqo| htxloleulxp li zh zrxog kdyh dssolhg wkh vhwxs ghvfulehg lq Vlprq
+4<;:d,1
4;
Zkhqhyhu wkh iroorzlqj lqhtxdolw| krogv wkh htxloleulxp lv ri wkh suhhpswlrq w|sh dqg rwk0
huzlvh ri wkh frooxvlrq w|sh=
s Eq 	 } Eq  +79,
Sursrvlwlrq 6 lpsolhv wkdw wkh htxloleulxp lv dozd|v ri wkh suhhpswlrq w|sh/ qr pdwwhu
wkh ydoxh ri q dqg wkxv wkh ghjuhh ri xqfhuwdlqw|/ li ( Ec f lv odujh hqrxjk/ l1h1 li wkh
lqfhqwlyhv wr ehfrph ohdghu duh odujh hqrxjk1 Li ( Ec f lv uhodwlyho| vpdoo/ wkh lqfhqwlyhv wr
ehfrph ohdghu doprvw ydqlvk dqg wkh frooxvlyh htxloleulxp wxuqv xs1
Qrwh wkdw frqglwlrq +79, lv lqghshqghqw ri wkh ydoxh ri wkh lqyhvwphqw frvw U +dv orqj dv
lw lv vwulfwo| srvlwlyh,1 Wklv iru wkh uhdvrq wkdw fkdqjlqj wkh lqyhvwphqw frvw rqo| fkdqjhv
wkh devroxwh ydoxhv ri wkh lqyhvwphqw wuljjhuv/ dqg wkhuhiruh wkh ydoxh ixqfwlrqv/ exw qrw wkh
uhodwlyh ydoxhv1
Wkh iroorzlqj sursrvlwlrq/ wkdw lv suryhg lq Dsshqgl{ G/ vwdwhv wkh hhfw ri q rq wkh
w|sh ri wkh htxloleulxp1
Sursrvlwlrq 7
Wkhuh duh wkuhh glhuhqw vfhqdulrv=
+l, Li } E  s  E wkh htxloleulxp lv dozd|v ri wkh suhhpswlrq w|sh1










wkh htxloleulxp lv dozd|v ri wkh frooxvlrq w|sh1










wkh htxloleulxp lv ri wkh frooxvlrq w|sh iru uhodwlyho|
orz ydoxhv ri q dqg ri wkh suhhpswlrq w|sh iru uhodwlyho| kljk ydoxhv ri q1
Sursrvlwlrqv 6 dqg 7 duh ylvxdol}hg lq Iljxuh 71 Lq wkdw jxuh zh kdyh sorwwhg wkh ixqfwlrq
} Eq c wkh erxqgdu| ehwzhhq wkh suhhpswlrq fdvh dqg frooxvlrq fdvh +Sursrvlwlrq 6,/ dqg
4<





f( β1) in scenario (i)
f( β1) in scenario (ii)
f( β1) in scenario (iii )
PREEMPTION
COLLUSION
Iljxuh 71 Srvvleoh vfhqdulrv1
Lq vfhqdulr +l, wkh uvw pryhu dgydqwdjh lv wkdw odujh wkdw wkh suhhpswlrq htxloleulxp zloo
dozd|v wxuq xs1 Wkh rssrvlwh lv jrlqj rq lq vfhqdulr +ll,/ zkhuh wkh uvw pryhu dgydqwdjh lv
wkdw orz wkdw wkh htxloleulxp zkhuh erwk upv lqyhvw mrlqwo| dw d odwhu srlqw lq wlph lv wkh
Sduhwr0grplqdqw htxloleulxp1
Khqfh/ rqo| lq vfhqdulr +lll, wkh w|sh ri htxloleulxp ghshqgv rq q Wkh hfrqrplf lpsol0
fdwlrqv duh vwdwhg lq wkh iroorzlqj fruroodu| wr Sursrvlwlrq 71 Wkh surri fdq eh irxqg lq
Dsshqgl{ H1
Fruroodu| 4
Lq vfhqdulr +lll, wkh htxloleulxp lv ri wkh frooxvlrq +suhhpswlrq, w|sh iru kljk +orz, ydoxhv ri
j dqg k dqg orz +kljk, ydoxhv ri o1
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Khuh/ lw lv qdwxudo wkdw wkh suhhpswlrq htxloleulxp dulvhv li wkhuh lv qrw pxfk xqfhuwdlqw|
+orz j,/ wkh k lv orz/ ru wkh lqwhuhvw udwh lv kljk/ vlqfh wkhq wkh ydoxh ri zdlwlqj lv orz1 Wkh
frqwudu| krogv lq yhu| xqfhuwdlq +kljk j, hfrqrplf hqylurqphqwv/ ru hqylurqphqwv zkhuh
wkh k lv kljk/ ru wkh lqwhuhvw udwh lv orz1 Wkhq wkh ydoxh ri zdlwlqj lv odujh/ zklfk lpsolhv
wkdw lqyhvwlqj idfhv kljk rssruwxqlw| frvwv1 Wklv pdnhv d suhhpswlrq vwudwhj| xqdwwudfwlyh1
Sursrvlwlrq 8 frpsduhv wkh lqyhvwphqw wkuhvkrogv ri wkh gxrsro| prgho zlwk wkh lqyhvw0
phqw wkuhvkrog ri wkh prqrsro| prgho1 Wkh surri lv jlyhq lq Dsshqgl{ I1
Sursrvlwlrq 8
Iru hyhu| sdudphwhu frqjxudwlrq lw krogv wkdw
t  t 	 t +7:,
Sursrvlwlrq 8 lpsolhv wkdw wkh vshhg ri lqyhvwphqw lqfuhdvhv +ghfuhdvhv, li vwudwhjlf lqwhu0
dfwlrqv uhvxow lq d suhhpswlrq +frooxvlyh, htxloleulxp1 Wkh iroorzlqj sursrvlwlrq vwdwhv wkdw
wkh lqyhvwphqw wkuhvkrogv duh ghfuhdvlqj ixqfwlrqv ri q +iru d surri vhh Dsshqgl{ J,1
Sursrvlwlrq 9
Wkh lqyhvwphqw wkuhvkrogv t c tuc t c t8 c dqg t duh ghfuhdvlqj lq q1
Zh fdq frqfoxgh wkdw xqfhuwdlqw| ghod|v lqyhvwphqw1 Lq vfhqdulrv +l, dqg +ll, lqyhvwphqw lv
ghod|hg ehfdxvh wkh lqyhvwphqw wkuhvkrogv ulvh zlwk xqfhuwdlqw|1 Lqfuhdvlqj wkh xqfhuwdlqw|
lq vfhqdulr +lll, qrw rqo| ulvhv wkh lqyhvwphqw wkuhvkrogv/ exw pd| dovr ohdg wr d fkdqjh ri d
suhhpswlrq htxloleulxp +zlwk uhodwlyh orz lqyhvwphqw wkuhvkrogv, lqwr d frooxvlrq htxloleulxp
+zlwk uhodwlyh kljk lqyhvwphqw wkuhvkrogv,1
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Lq wkh uhdo rswlrqv olwhudwxuh lw lv dujxhg wkdw dq lqyhvwphqw vkrxog eh xqghuwdnhq zkhq
wkh qhw suhvhqw ydoxh h{fhhgv wkh rswlrq ydoxh ri zdlwlqj1 Iru prghov zlwk vwudwhjlf lqwhu0
dfwlrqv wklv lqyhvwphqw uxoh vkrxog eh fkdqjhg= lqyhvwlqj lv rswlpdo zkhq wkh qhw suhvhqw
ydoxh h{fhhgv wkh vwudwhjlf rswlrq ydoxh ri zdlwlqj1 Wkh vwudwhjlf rswlrq ydoxh ri zdlwlqj
lqfrusrudwhv wkh prqh| ydoxh ri wkh vwudwhjlf lqwhudfwlrqv lq wkh rswlrq ydoxh ri zdlwlqj1
Wkh iroorzlqj sursrvlwlrq frpsduhv wkh vwudwhjlf rswlrq ydoxh ri zdlwlqj lq wkh gxrsro| fdvh
zlwk wkh rswlrq ydoxh ri zdlwlqj lq wkh prqrsro| fdvh1 Wkh surri lv jlyhq lq Dsshqgl{ K1
Sursrvlwlrq :




wkh vwudwhjlf rswlrq ydoxh ri zdlwlqj lv
+l, vpdoohu lq wkh suhhpswlrq fdvh +dw t ,>
+ll, wkh vdph lq wkh frooxvlyh fdvh +dw t,1
Zkhq vwudwhjlf lqwhudfwlrqv ohdg wr d suhhpswlrq htxloleulxp/ lw lv hyhq srvvleoh wkdw
wkh upv pdnh dq lqyhvwphqw zlwk d qhjdwlyh qhw suhvhqw ydoxh$ Wkhq wkh vwudwhjlf rswlrq
ydoxh ri zdlwlqj lv qhjdwlyh1 Iru h{dpsoh/ wdnh wkh iroorzlqj sdudphwhu ydoxhv ( Ec f ' fc
( Ec  ' ec ( Efc f ' 2c ( Efc  ' c o ' ffc k ' ffDc dqg U ' f1 Iru wkhvh sdudphwhuv
htxdwlrq +79, lv dozd|v vdwlvhg vr wkdw wkh htxloleulxp lv dozd|v ri wkh suhhpswlrq w|sh1
Wkh qhw suhvhqw ydoxh ri lqyhvwphqw dw t htxdov u Et 
t(Efcf
o3k
 Lq wkh ohiw sduw ri Iljxuh
8 wklv qhw suhvhqw ydoxh lv sorwwhg dv ixqfwlrq ri j1 Iru vdnh ri frpsdulvrq/ lq wkh uljkw sduw
wkh fruuhvsrqglqj qhw suhvhqw ydoxh ri lqyhvwphqw iru wkh prqrsrolvw lv suhvhqwhg1
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Iljxuh 81 Qhw suhvhqw ydoxh ri lqyhvwphqw ri gxrsrolvw +prqrsrolvw, dw t +t , dv ixqfwlrq ri j1
Dv lq wkh prqrsro| fdvh/ wkh rswlrq ydoxh ri zdlwlqj vwloo lqfuhdvhv zlwk xqfhuwdlqw| lq
wkh gxrsro| prgho1 Iurp Iljxuh 8 zh frqfoxgh wkdw iru orz +exw uhdolvwlf, ydoxhv ri j
+j 	 ffH, vwudwhjlf lqwhudfwlrqv ohdg wr d qhjdwlyh vwudwhjlf rswlrq ydoxh ri zdlwlqj1 Wkxv
wkh vwudwhjlf lqwhudfwlrqv irufh wkh upv wr pdnh dq lqyhvwphqw zlwk d qhjdwlyh qhw suhvhqw
ydoxh1
8 H{lvwlqj Olwhudwxuh
Lq wklv vhfwlrq zh frqiurqw rxu uhvxowv zlwk wkh h{lvwlqj olwhudwxuh1 Rxu prgho lv dq
h{whqvlrq ri wkh Vphwv +4<<4, prgho ghvfulehg lq Gl{lw dqg Slqg|fn +4<<9/ Fkdswhu <,1
Frqwudu| wr wkdw prgho zh dovr doorz wkdw ehiruh wkh prphqw ri lqyhvwphqw wkh upv duh
douhdg| dfwlyh rq wkh rxwsxw pdunhw rq zklfk wkh| frpshwh1 Qlhovhq +4<<<, vkrzhg wkdw
lq wkh Vphwv +4<<4, prgho frpshwlwlrq rq wkh rxwsxw pdunhw ghfuhdvhv wkh rswlrq ydoxh ri
zdlwlqj dqg wkhuhiruh gxrsrolvwlf upv zloo lqyhvw hduolhu wkdq prqrsrolvwlf upv1 Uhphpehu
wkdw iru( Efc f ' ( Efc  ' f rxu prgho lv wkh Vphwv +4<<4, prgho1 Lw fdq eh vkrzq wkdw lq
wklv fdvh htxdwlrq +79, lv dozd|v vdwlvhg:/ zklfk lpsolhv wkdw wkh htxloleulxp lv dozd|v ri wkh
suhhpswlrq w|sh lq wkh Vphwv +4<<4, prgho1 Wkxv Qlhovhq +4<<<,*v uhvxow lv d frqvhtxhqfh
.Wklv iroorzv iurp wkh idfw wkdw iru { =@ (Ecf
(Ec




ri wkh lqlwldo frqglwlrqv rq wkh rxwsxw pdunhw lq wkh vhqvh wkdw li erwk upv duh lqlwldoo|
dfwlyh rq wkh rxwsxw pdunhw/ Qlhovhq +4<<<,*v uhvxow grhv qrw krog dq|pruh lq jhqhudo1 Iurp
Sursrvlwlrq 8 zh frqfoxgh wkdw wkhuh duh wzr srvvlelolwlhv1 Lq wkh fdvh zkhuh d frooxvlrq
htxloleulxp lv wkh prvw uhdvrqdeoh rxwfrph/ vwudwhjlf lqwhudfwlrqv uhvxow lq ghod|phqw ri
lqyhvwphqw e| wkh upv1 Lq wkh fdvh zkhuh wkh rqo| htxloleulxp lv ri wkh suhhpswlrq w|sh/
frpshwlwlrq txlfnhqv lqyhvwphqw li zh frpsduh wkh prphqw ri lqyhvwphqw ri wkh ohdghu lq
wkh gxrsro| wr wkh prqrsrolvw1
Lq wkh qhz pdunhw prgho wkh rswlpdo lqyhvwphqw wkuhvkrog iru wkh iroorzhu dqg wkh rswlpdo
mrlqw lqyhvwphqw wkuhvkrog frlqflgh +fi1 +49, dqg +58,,1 Wkhuhiruh/ gxh wr +47, dqg +56, lw
iroorzv wkdw wkh iroorzhu dqg wkh frooxvlyh lqyhvwphqw fxuyh frlqflgh/ zklfk lpsolhv wkdw
wkhuh fdq qrw eh d vhfrqg fdvh lq wkh qhz pdunhw prgho1 Wkh hfrqrplf uhdvrq iru wkhvh wzr
wkuhvkrogv wr frlqflgh lv wkh idfw wkdw wkh lqyhvwphqw wlplqj ri wkh ohdghu grhv qrw dhfw wkh
iroorzhu*v surw  rz lq d qhz pdunhw prgho/ zkhuhdv lq rxu prgho wkh iroorzhu*v surw  rz
ghfuhdvhv iurp t ( Efc f wr t ( Efc  dw wkh prphqw wkh ohdghu lqyhvwv1 Wkxv/ lq rxu prgho
wkh iroorzhu zloo lqyhvw hduolhu wr uhfdswxuh pdunhw vkduh iurp wkh ohdghu1 Wkdw lv zk| zh
kdyh t8 	 t1
Dw suhvhqw/ rqo| d ihz frqwulexwlrqv ghdo zlwk wkh hhfw ri vwudwhjlf lqwhudfwlrqv rq wkh
rswlrq ydoxh ri zdlwlqj dvvrfldwhg zlwk lqyhvwphqwv xqghu xqfhuwdlqw|1 Krzhyhu/ lq wkhvh
sdshuv wkh frruglqdwlrq sureohp lv dyrlghg/ dqg wkxv qrw wuhdwhg lq wkh zd| zh glg lq Vhfwlrq
71 Iru lqvwdqfh/ Zhhgv +4<<<, lpsolflwo| pdnhv wkh xqvdwlvidfwru| dvvxpswlrq wkdw rqo| rqh
up zloo vxffhhg lq lqyhvwlqj lq fdvh wkhuh lv dq lqfhqwlyh wr eh wkh uvw up wr lqyhvw dqg
lw lv rqo| rswlpdo iru rqh up wr lqyhvw1 Wkhuh duh wzr uhdvrqv iru khu dvvxpswlrq wr eh
xqvdwlvidfwru|= +4, Zhhgv +4<<<, lpsrvhv wkh upv wr eh htxdo dqg +5, wkh upv fdq lqyhvw
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vlpxowdqhrxvo| li lw lv rswlpdo iru erwk1 Qrwh wkdw wklv dvvxpswlrq/ dowkrxjk h{solflwo|/ lv
dovr pdgh lq Qlhovhq +4<<<,/ Juhqdglhu +4<<9, dqg Gxwwd hw do1 +4<<8,1
Wkh uhdvrq iru rxu rxwfrphv wr eh pruh uhdolvwlf lv dv iroorzv1 Zkhq wkhuh lv dq lqfhqwlyh
wr eh wkh uvw wr lqyhvw Eu : 8 :  erwk upv duh zloolqj wr wdnh d ulvn dqg vlqfh wkh| duh
erwk dvvxphg wr eh ulvn qhxwudo wkh| zloo ulvn vr pxfk wkdw wkhlu h{shfwhg ydoxh htxdov 8c
zklfk htxdov wkhlu sd|r li wkh| doorz wkh rwkhu up wr lqyhvw uvw1 Hpsor|lqj wkh uhvxowv
ri Vhfwlrq 7 ohduqv wkdw lq wklv fdvh erwk upv vhw R ' u38
u3
c dqg wkdw wkhuh lv d srvlwlyh
suredelolw| R
23R
wkdw erwk upv lqyhvw h{dfwo| dw wkh vdph wlph/ ohdylqj wkhp zlwk wkh orz
sd|r 
Gl{lw dqg Slqg|fn +4<<9/ s1 646, fodlp wkdw lq wkh Vphwv +4<<4, prgho/ wkh suredelolw|
wkdw erwk upv lqyhvw vlpxowdqhrxvo|/ zkloh lw lv rqo| rswlpdo iru rqh up wr lqyhvw/ lv dozd|v
}hur1 Iurp wkh deryh dujxphqwdwlrq lw vkrxog eh fohdu e| qrz wkdw wklv fodlp lv qrw fruuhfw;1
9 Frqfoxvlrq
Wklv sdshu eulqjv wrjhwkhu wzr vwuhdpv ri olwhudwxuh= lqyhvwphqw xqghu frpshwlwlrq +Uhlq0
jdqxp +4<;4,/ Ixghqehuj dqg Wluroh +4<;8,, dqg lqyhvwphqw xqghu xqfhuwdlqw| +Gl{lw dqg
Slqg|fn +4<<9,,1 Khuh lq wklv frqfoxvlrq vhfwlrq zh irfxv rq wkh txhvwlrq krz lqwurgxfwlrq
ri xqfhuwdlqw| fkdqjhv wkh uhvxowv ghulyhg iru wkh ghwhuplqlvwlf gxrsro| iudphzrun ri Ix0
ghqehuj dqg Wluroh +4<;8,1 Lq Ixghqehuj dqg Wluroh +4<;8, lw zdv rewdlqhg wkdw xqghu odujh
HWr fruuhfw dqrwkhu srlqw/ frqvlghu sdjh 647 ri Gl{lw dqg Slqg|fn +4<<9,1 Iluvw/ qrwh wkdw wkhlu
wkuhvkrog \2 lv htxdo wr rxu wkuhvkrog \8 dqg wkhlu wkuhvkrog \ htxdov rxu wkuhvkrog \ = Qrz/
zh nqrz wkdw lq wkh qhz pdunhw prgho zh kdyh wkdw \ @ \8 vr wkdw \ lv htxdo wr \2 lq wkhlu
prgho dqg qrw/ dv wkh| fodlp/ juhdwhu wkdq \21
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uvw pryhu dgydqwdjhv d suhhpswlrq htxloleulxp zlwk glvshuvhg dgrswlrq wlplqjv uhvxowhg/
zkloh rwkhuzlvh d mrlqw dgrswlrq htxloleulxp lv wkh Sduhwr0grplqdqw rxwfrph1
Diwhu lqwurgxfwlrq ri xqfhuwdlqw| wkh up*v lqyhvwphqw wlplqj sureohp kdv wr ghdo zlwk
wkh rswlrq ydoxh ri zdlwlqj= zkhq d up pdnhv dq luuhyhuvleoh lqyhvwphqw h{shqglwxuh/ lw
h{huflvhv lwv rswlrq wr lqyhvw1 Lw jlyhv xs wkh srvvlelolw| ri zdlwlqj iru qhz lqirupdwlrq wr
duulyh wkdw pljkw dhfw wkh ghvludelolw| ru wlplqj ri wkh h{shqglwxuh +Gl{lw dqg Slqg|fn
+4<<9,,1 Lw lv fohdu wkdw d kxjh rswlrq ydoxh ri zdlwlqj/ zklfk dulvhv lq kljko| xqfhuwdlq
hfrqrplf hqylurqphqwv/ uhvxowv lq d frqvlghudeoh ghod|phqw ri lqyhvwphqw1 Rq wkh rwkhu
kdqg/ lq wkh suhhpswlrq htxloleulxp ri Ixghqehuj dqg Wluroh +4<;8, lw lv lpshudwlyh iru d
up wr lqyhvw txlfno| dqg wkhuhe| suhhpsw lqyhvwphqw e| srwhqwldo frpshwlwruv1
Rxu sdshu eulqjv wkhvh frqwudu| irufhv wrjhwkhu dqg lw wxuqv rxw wkdw rxu uhvxowv uhodwh
wr wkrvh ri Ixghqehuj dqg Wluroh +4<;8, lq wkh iroorzlqj zd|1 Zkhqhyhu Ixghqehuj dqg
Wluroh frqfoxghg wkdw mrlqw dgrswlrq lv wkh Sduhwr0grplqdqw rxwfrph/ wklv dovr krogv iru rxu
prgho1 Dovr/ li uvw pryhu dgydqwdjhv duh vx!flhqwo| odujh/ iru erwk prghov wkh suhhpswlrq
htxloleulxp uhvxowv/ exw lq wkh vwrfkdvwlf fdvh iru erwk upv wkh lqyhvwphqw wlplqj lv ghod|hg
e| wkh rswlrq ydoxh ri zdlwlqj1 Ilqdoo|/ li uvw pryhu dgydqwdjhv duh d elw orzhu/ exw vwloo kljk
hqrxjk iru wkh suhhpswlrq htxloleulxp wr suhydlo lq wkh ghwhuplqlvwlf iudphzrun ri Ixghqehuj
dqg Wluroh +4<;8,/ lqwurgxfwlrq ri vx!flhqwo| odujh xqfhuwdlqw| uhvxowv lq d mrlqw dgrswlrq
htxloleulxp wkdw Sduhwr0grplqdwhv doo rwkhu htxloleuld1 Wklv eulqjv xv wr wkh frqfoxvlrq wkdw
lqwurgxfwlrq ri xqfhuwdlqw| uhgxfhv wkh qxpehu ri vfhqdulrv xqghu zklfk wkh suhhpswlrq
htxloleulxp lv wkh rswlpdo rxwfrph1
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Dsshqgl{
D Surri ri Sursrvlwlrq 4
Surri ri Sursrvlwlrq 4
Ghqh wkh ixqfwlrq  dv iroorzv
 Et  G' u Et  8 Et   +7;,
Wkhq zh kdyh wr suryh wkdw
 Etu : f +7<,
Iru t 5 dfc t8 o wkh ydoxh ri wkh iroorzhu/ lq fdvh wkh ohdghu kdv douhdg| lqyhvwhg/ fdq eh
h{suhvvhg e|















Iru t 5 dfc t8 o wkh ixqfwlrq  Et  htxdov
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: c +85,
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( Ec ( Efc 
( Ec f( Efc f
	  +86,
5:
Wkh lqhtxdolwlhv krog gxh wr htxdwlrqv +8, dqg +9,1 Diwhu vxevwlwxwlrq ri +85, dqg +86, lqwr
+84, lw lv rewdlqhg wkdw
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 Etu
U
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3 : fc +88,
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E Surri ri Sursrvlwlrq 5
Sursrvlwlrq 5 lv d gluhfw uhvxow ri wkh iroorzlqj ohppd1
Ohppd 4
Ghqh wkh ixqfwlrq  dv iroorzv
 Et  G' u Et  8 Et   +8;,
Wkhq lw krogv wkdw
 Ef	 fc +8<,








 f iru doo t  f1 +95,
5;
Surri ri Ohppd 4
Iru t 5 dfc t8 o wkh ixqfwlrq  Et  htxdov +vhh Dsshqgl{ D,=
 Et  '














H{suhvvlrqv +8<, dqg +93, iroorz gluhfwo| diwhu vhwwlqj t ' f dqg t ' t8 / uhvshfwlyho| lq
htxdwlrq +96,1
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zklfk frqupv +94,1 Wkh vhfrqg ghulydwlyh ri  Et  lv jlyhq e|
Y2 Et 
Yt 2
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H{suhvvlrq +95, iroorzv iurp htxdwlrq +9:, vlqfh q :  dqg ( Ec f : ( Ec 1
F Surri ri Sursrvlwlrq 6
Ghqh wkh ixqfwlrq  Et  dv iroorzv
 Et ' Etc t u Et 
'
t E( Efc f( Ec f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Zkhqhyhu wkhuh h{lvwv dq t 5 Et c t8  vxfk wkdw  Et  	 fc wkh uvw fdvh dssolhv1 Li
 Et   f iru doo t 5 Et c t8  zh duh lq wkh vhfrqg fdvh1
Ohppd 5
Wkh iroorzlqj surshuwlhv krog=
 Et : fc +:6,




Lq wkh surri ri Ohppd 5 zh xvh wkh iroorzlqj ohppd1
Ohppd 6
Iru f 	 t  t8 lw krogv wkdw
 Etc t : 8 Et   +:9,
Surri ri Ohppd 6
Lw lv reylrxv wkdw  Etc t8  : 8 Et  iru t 5 Efc t8  c vlqfh ( Efc f : ( Efc   Dqg e|
ghqlwlrq lw krogv wkdw  Etc t   Etc t8  
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Surri ri Ohppd 5
Surshuwlhv +:6, dqg +:7, iroorz iurp Ohppd 6 wrjhwkhu zlwk
u Et '8 Et  c +::,
u Et8 '8 Et8   +:;,
Wkh vhfrqg ghulydwlyh ri  Et  lv htxdo wr
Y2 Et 
Yt 2




Uhphpehulqj wkdw . 	 f jlyhv htxdwlrq +:8,1
Ohppd 5 lpsolhv wkdw wkhuh h{lvwv dq t 5 Et c t8  vxfk wkdw  Et  	 f li dqg rqo| li wkh
plqlpxp ri wkh ixqfwlrq  lv qhjdwlyh dqg uhdfkhg vrphzkhuh ehwzhhq t dqg t8 1 Ohppd
7 ghulyhv d frqglwlrq iru wkh plqlpxp ri  wr eh qhjdwlyh dqg Ohppd 8 suryhv wkdw wkh





 Et  	 fc +;3,
li dqg rqo| li
s Eq 	 } Eq  +;4,
Surri ri Ohppd 7
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Wkh plqlpxp +h{suhvvlrq +:8, lpsolhv wkdw  Et W lv dq xqltxh plqlpxp, ri  htxdov
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Glylglqj e| U dqg uhzulwlqj jlyhv5
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